Kinetic Monte Carlo (KMC) simulations are used to study transport of guest molecules in a two-phase medium in which the minority phase forms closed regions. This type of model system resembles compositions of mixed-matrix membranes (MMMs) made of a matrix and imbedded filler particles with different permeabilities. Based on an ideal filler-matrix composite morphology as defined in [H. Vinh-Thang, S. Kaliaguine, Chem. Rev. 113, 4980, 2013], the effects of the filler-particle volume fraction, particle size, shape (aspect ratio), and the spatial particle distribution on gas transport through MMMs are addressed. The results obtained for nonoverlapping and randomly placed spherical filler particles are found to be in good agreement with the analytical models available in the literature and have proven their good accuracy also for thin membranes where finite-size effects are expected to play an appreciable role. Furthermore, the prominent influence of the aspect ratio for nonspherical particles on the effective permeability is shown and scenarios are discussed where the alignment of the asymmetric filler particles give rise to anisotropic transport properties potentially favorable for the performance of MMMs. The KMC approach developed guides the optimal spatial arrangement and orientation of the filler particles for the different strategies to increase the membrane permeability and separation selectivity by transport enhancement or inhibition.
I. INTRODUCTION
Whilst the continuous development and facilitation of renewable clean-energy generation is required, fossil fuel remains a high-demanded energy source today and presumably in the next decades. With concerns about the anthropogenous climate change and its consequences on the rise, the reduction of greenhouse-gas emissions becomes vital. Most notably carbon dioxide and methane contribute to the human-caused greenhouse effect [1] . Thus, practicable CO 2 capture technologies can make a great difference [2] . Among those technologies, the application of membranes to separate carbon dioxide from the other emissions has considerable benefits over thermodynamically controlled gas-separation methods, being a continuous energy-efficient operation, having a small ecological and physical footprint, and a low complexity [3] . To this day, only polymeric membranes succeeded in largescale industrial gas-separation realizations, mainly due to their low cost, simple processing, and mechanical stability [4] . However, as their most striking downside, they face an intrinsic limit in the trade-off between permeability and selectivity, the so-called Robeson upper bound [5, 6] . Aside from that, the development of purely inorganic membranes consisting of materials including carbon * valiullin@uni-leipzig.de [7] , zeolites [8] , and metal-organic frameworks (MOFs) [9] attracted notable research interest. Among other advantages, those nanoporous materials feature a striking molecular selectivity, but suffer from other drawbacks such as low mechanical resistance and difficulties with large-scale manufacture.
A promising route to obtain the best of both worlds and to overcome mentioned limitations is to create composites, the so-called mixed-matrix membranes (MMMs), which consist of filler particles embedded in a polymer host matrix. MMMs have been shown to cross the Robeson upper bound limit of the polymeric membranes and at the same time providing solutions to the fabrication difficulties and low mechanical resistance of the inorganic materials [10, 11] . Recently, MOF filler particles gained particular interest due to their high porosity and the ability to modify their chemical functionality by selecting appropriate building blocks or by postsynthetic treatment [12] [13] [14] , thereby improving the compatibility between filler and matrix [15] . Considering MMMs, the shape of the filler particles also plays a prominent role for the membrane performance [16, 17] . It is clear that the ability to produce MMMs tailor made for specific gas-separation applications requires a fundamental understanding of the transport properties of those composites.
Well-known theoretical approaches to study this cooperative transport behavior date back to the 1960s, when the model previously developed by Maxwell [18] and generalized by Wiener for electrostatics was applied to investigate material permeability properties [19] . Over the years, other models and extensions to the Maxwell model have been presented by, amongst others, Lewis and Nielsen [20, 21] and most recently in [22] [23] [24] . However, since the effective permeability of a composite membrane is not only determined by the permeabilities of the two components and their volume fraction, but additionally largely governed by the mixed-matrix-filler morphology [16, 17] , analytical models can only predict specific cases of simple polymer-filler geometries, and generally only a posteriori [24] . This highlights the convenience of a rigorous computational model, which can be applied to arbitrary composite morphologies such as the discrete lattice gas kinetic Monte Carlo (KMC) approach [25] [26] [27] [28] , which is used in this work to study the effects of filler-particle shape, size and distribution on the effective MMM permeability. In the advent of recent papers [29, 30] questioning the applicability of the mentioned theoretical models to evaluate the performance of MMMs, by comparison with the computational results it is shown, for which cases the analytical predictions are valid and when they fail. Although important, eventual deviations from the ideal MMMs arising from fabrication or poor compatibility such as interfacial voids or rigidified polymeric regions at the polymer-filler interface [24] are not considered here due to the overwhelming complexity of the parameter space. Instead, the present work aims to give insight into the effective molecular transport properties of ideally compatible MMMs. This fundamental understanding enables the separation of the permeation behavior of the ideal membrane from the effects of the nonidealities and thus, also enables the study of the compatibility of filler and host in MMMs.
In the following, first a short revision of the Maxwell and Lewis-Nielsen models is given. Then the KMC approach applied to composite membranes is presented and verified with simple MMM morphologies featuring parallel and serially connected platelike domains (see also Appendix A). The effect of randomly distributed filler particles on the membrane permeability is evaluated and compared with theoretical predictions. Finally, the effective permeabilities of more complex geometries featuring filler particles of different size, shape and distribution are depicted and their consequences for the selectivity and membrane performance are presented.
II. METHODS

A. Analytical models
(a) The Maxwell model, originally developed for electrical conductivity of particulate composites, can be adapted to the relative effective permeability of mixed-matrix membranes as follows [18] :
where φ denotes the volume fraction of the filler particles, P f indicates the permeability of the considered gas species in the filler, and P m is the permeability of the species in the pure polymer membrane. The Maxwell prediction disregards potential effects of filler-particle size, shape, and distribution. It is invalid in the region of high filler packing fractions ( 0.2), especially for large relative filler permeabilities P f /P m .
As an extension to the Maxwell model accounting for the effects of the filler-particle shape, a generalized Maxwell model can be expressed as [24] 
In Eq. (2), G is a heuristic geometric factor ranging from 0 for membranes built of serially connected plates to ∞ for parallel connected plates (both cases are addressed in Sec. III A). For G = 2, the original Maxwell equation for spherical filler particles [Eq. (1)] is retained. (b) The Lewis-Nielsen model yields a more correct behavior for large filler packing fractions by factoring in the maximum packing fraction φ max , e.g., φ max = 0.64 considering a random close packing of equal-sized spheres. The relative effective permeability can be predicted with [20, 21] 
where
Note that for φ max → 1, the Lewis-Nielsen model reduces to the Maxwell model [Eq. (1)].
B. Kinetic Monte Carlo simulations
In contrast to analytical predictions for the effective permeability of a gas species in MMMs, the on-lattice KMC method used in this work (modified from [31] ) enables the simulation of arbitrary membrane-filler compositions. It also has advantages for addressing thin membranes in which finite-size effects may render analytical descriptions in the frame of effective-medium theories approximate. The Monte Carlo approach is chosen to estimate the solution of the diffusion equation because it is easy to implement and straightforward to apply to complex disordered 044034-2 Magnified two-dimensional cut through the model exhibiting the underlying cubic lattice modeling the two subspaces and serving as a frame for the molecular movement. Arrows show the different jump probabilities in the subspaces and at the interface between them.
(c) Two-dimensional cut through the geometry during a permeation simulation with the high-concentration environment (feed side) on the left and the low-concentration environment (permeate side) on the right. The different shades of blue show the concentration profile, in this specific case with high concentration in the filler particles. The red line indicates an example molecular trajectory.
morphologies. The following paragraphs are intended to give an extensive description of the KMC method used in this work. In our simulations, the mixed-matrix morphology is represented in a coarse-grained way by a simple cubic lattice. Two mutually exclusive subspaces are considered, the polymer host membrane and the functional filler particles [see Fig. 1(a) ]. Consequently, each node in the lattice representation either belongs to the polymer or the filler space [ Fig. 1(b) ]. The lattice spacing is determined by the discretization constant a. Additionally, the thus created grid serves as a discrete, coarse-grained frame for the molecular movements. In other words, a molecule can only reside in one node at a time and its motion is modeled by randomly chosen transitions to adjacent nodes at a certain transition (jump) rate. These transition rates are localized, i.e., regions in the mixed matrix with different transport properties also feature different rates. In the simulations, no explicit molecular interaction is considered. The hence obtained molecular trajectories are independent of each other, but are directly related to the mixed-matrix morphology. This resembles diffusive motion of a tracer molecule in a given environment and provides a statistical solution to the diffusion equation.
To model the different molecular transport rates in the subspaces representing polymer and filler, different local jump rates r i→j are assigned to each bond between two adjacent nodes. In this way, the molecular trajectories become a function of the MMM geometry. By discretizing the time axis into time steps of length t, the local jump rates can be expressed as probabilities ω i→j = r i→j t. Hence, to perform a jump, during a time step each molecule rolls the dice twice, first to choose the direction (adjacent destination node or bond to travel through) and second to determine success or failure of the jump corresponding to the bond jump probability. If a jump attempt fails, the molecule remains in its current node. For the purpose of modeling MMMs with the two considered subspaces' polymer and filler, the definition of the following specific jump probabilities is sufficient: ω m→m for bonds with both current and destination nodes belonging to the polymer-host-membrane subspace; ω f →f , if both nodes are in the filler-material subspace; and ω m→f (ω f →m ) if the current node is in the polymer, but the destination belongs to the filler (and vice versa). Additionally, to model the interface of the polymer membrane with the surroundings, the probabilities ω 0→m and ω m→0 are employed.
To give physical meaning to the transition probabilities, in the following they are related to physical properties such as molecular diffusivity, concentration, and permeability with the help of effective medium assumptions. The latter are similar to the assumptions needed to perform real permeation experiments. Using the subsequent relations, molecular transport through realistic materials can be simulated by adjustment of the jump probabilities.
(a) The bulk diffusivities of the subspaces can be adjusted via Einstein's law as follows:
Note that these diffusivities result only in an infinite isotropic medium.
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(b) The molecular concentrations in the subspaces are determined by the equilibrium of the fluxes at the interfaces between (i) environment and MMM and (ii) polymer and filler. They are related to the bulk concentration c 0 via
(c) The permeabilities of the subspaces result from
where S is the solubility or sorption equilibrium coefficient and p b is the partial pressure of the species in the bulk gas phase. In Eq. (7), Henry's law is used for the second step. Note that Eq. (7) shows that the same effective MMM permeability can be obtained with different values for diffusivity D and concentration c. This means that the same effective macroscopic transport properties can be obtained with different underlying microscopic concentration profiles and molecular kinetics. In fact, Eq. (7) implies that the microscopic details of the molecular transport are irrelevant for the effective macroscopic quantities. Thus, for the sake of simplicity, only the subspace permeabilities P m and P f need to be considered. These considerations are verified by simulations using MMMs with varying diffusivities and concentrations in the two subspaces by keeping the subspace permeabilities constant. The results obtained in this way are identical for a given permeability irrespective of the diffusion and sorption properties (see Appendix B). For the message of this work only the relative permeability P f /P m is needed. To simulate specific values of P f /P m , the transition probabilities have to be chosen adequately to obey the following relation resulting from Eqs. (7) , (5) , and (6):
In order to emulate permeation experiments [ Fig. 1(c) ], an MMM film is brought into contact with a uniform high-concentration environment at one side (source) and a uniform low-concentration environment at the other side (sink). Due to the imposed concentration gradient, a net flux through the membrane from source to sink builds up. After a steady concentration profile within the membrane is attained, the net rate dN /dt of molecules passing through the membrane can be measured. This rate is related to the flux through the membrane as
where A denotes the membrane area in the plane perpendicular to the direction of the concentration gradient. Via
Fick's first law, the molecular flux can be related to the diffusion and the permeability coefficient as follows:
where z indicates the membrane thickness and p 0 and p 1 the partial pressure of the gas species at source and sink, respectively. To obtain the effective permeability of the MMM relative to the permeability of the pure polymer membrane, the following relation originating from Eqs. (9) and (10) can be used:
Another convenient advantage of the effective medium theories is that it is possible to correlate the jump probabilities in the KMC approach [Eq. (8)] to realistic filler and host permeabilities obtained from permeation experiments with the pure bulk materials. For this purpose, at selected thermodynamic conditions and with one or more gas species of choice, the permeabilities in both a pure polymer membrane and a pure filler material may be measured independently and passed on to the presented KMC approach. The simulations are then able to predict the effective permeabilities of the chosen gases in a MMM combined of the two materials with any arbitrarily chosen filler-host composition. This approach remains valid as long as those material permeabilities are intensive properties, i.e., transport limitations due to surface effects are low. However, in the case of existing significant surface barriers for either host or filler material, the approach can still be used under the constraint that the permeation experiments with the pure materials have to be done with a film thickness d exp adjusted according to the average size of the domains in the considered MMM. Thus, for the host membrane, this means d exp,host = d m,MMM and for the filler that d exp,filler is equal to the average size of the filler particles in the MMM in the direction of flow. Note that the effects of adsorption saturation and competitive adsorption are intrinsically included in the permeability parameters taken from the experiments and do not need to be modeled specifically. This is again a consequence of the effective medium assumption, which has to be presumed for the permeation measurements as well. Note that this means that instead of relying on a mechanistic transport model predicting membrane performance based on applied operation conditions, the presented KMC method uses an effective medium approach incorporating all molecular mechanisms in the fixed effective subspace permeabilities. The methodology of using measured material permeabilities in our KMC simulations was proven for a specific MMM in Ref. [32] . The present work, however, is focused on giving a general understanding of the molecular transport in 044034-4 TRANSPORT PROPERTIES OF MIXED-MATRIX MEMBRANES... PHYS. REV. APPLIED 12, 044034 (2019) ideally compatible MMMs. Hence, in the following we study MMMs over material permeability ranges instead of considering specific polymer and filler permeabilities, P m and P f , from experiments.
III. RESULTS AND DISCUSSION
To be able to improve the separation performance of MMMs, it is crucial to establish how the integration of the filler material into the membrane affects the mass transport of the guest molecules. This section demonstrates the effects of filler particles of different packing density, size, shape, and distribution type on the transport properties in ideal MMMs, i.e., in MMMs in which no additional transport resistances or void layers are formed at the interfaces between the polymer and filler phases (so-called MMMs of ideal morphology [24] ). First, the limiting scenarios of parallel and serially connected plates of polymer and filler material are presented.
The following two cases are defined to simplify further reference.
(a) Transport enhancement (P + ): Inclusion of filler material into the membrane exhibiting a higher permeability regarding the considered gas species than the pure membrane, P f > P m , is expected to lead to an increase of the effective mixed-matrix-membrane permeability P eff .
(b) Transport inhibition (P − ): Inclusion of filler material into the membrane of lower permeability with respect to the gas species in consideration than the pure membrane, P f < P m , is predicted to decrease the effective mixed-matrix-membrane permeability P eff .
Additionally, in the following the direction parallel to the flow through the membrane is refered to by the abbreviation flow , while the perpendicular directions are labeled ⊥ flow .
A. Limiting cases: parallel and serially connected plates
In order to obtain a general understanding of the transport properties in MMMs, the two cases of layered membranes flow and ⊥ flow are studied (for a graphical representation see the insets in Figs. 2 and 3 ). Regarding the tortuosity of the subspaces,
i.e., the length of a curve, L, relative to the linear distance C between its ends, these two cases represent extreme scenarios. The first case of layers of polymer and filler material aligned flow exhibits the lowest possible tortuosity, T = 1. On the other hand, the layers arranged ⊥ flow feature maximum tortuosity, T → ∞. In consequence, for the permeation through MMMs, these two cases encompass the region of possible effective permeability values independent of the composition of the two subspaces, as shown in the following. 044034-5
Plates flow
Similar to the conductance in parallel electrical circuits [18] , the effective permeability of a membrane featuring plates aligned flow can be predicted by the weighted average
where a k denotes the volume fraction of subspace k ∈ {m, f } or, similar for the considered composition, the relative effective area of the subspace ⊥ flow (a m + a f = 1). Equation (13) is identical to the generalized Maxwell model [Eq.
(2)] with G = ∞. The comparison of Eq. (13) with the simulation results in Fig. 2 validates this prediction. Regardless of into how many plates the subspaces are divided, there is a good agreement with the analytical expression. For very low filler permeabilities, the contribution of the filler subspace vanishes, since the filler material is nearly impermeable for the gas molecules and thus, P eff /P m → a m . For high filler permeabilities, only the filler material significantly contributes to the permeability and thus, P eff /P m → a f P f /P m . The deviations between the analytical prediction and the computational results in this regime are due to artifacts of the discrete model for the molecular motion at the surfaces between the domains and vanish for lattice constants a → 0 and for T 1 (see, e.g., the very good agreement with the Maxwell model for spherical filler particles in Fig. 4 ). The considered mixedmatrix composition is continuous flow (T → 1) and thus, imposes no diffusive limitations due to tortuosity on the guest molecules in this direction. Consequently, Eq. (13) indicates the upper boundary for the effective permeability, independent of the underlying polymer-filler composition. Additionally to the effective permeability, the average total dwell times of the molecules in the two subspaces τ m and τ f , and the total dwell time τ in the membrane are related as
resembling the resistance in electrical circuits.
Plates ⊥ flow
The case of filler plates aligned ⊥ flow can be treated analogous to serially connected electrical circuits. Hence, similarly to the electrical conductance [18] , the effective permeability can be expressed as
where l k indicates the volume fraction of subspace k ∈ {m, f } or synonymously for the composition in consideration, its total relative length in the direction flow (l m + l f is shown by its coincidence with the simulation results in Fig. 3 . Independent of the number of plates the subspaces are divided in (i.e., independent of the filler domain size flow ), for filler permeabilities P f P m , the relative effective permeability approaches P f /(l f P m ), while large filler permeabilities lead to P eff /P m → 1/l m . Since the polymer-filler composition exhibits maximum tortuosity, the diffusion-limiting subspace is always the slower one, with the fast subspace having only small local influence. Consequently, for the permeation through mixed-matrix membranes, Eq. (15) indicates the lower boundary for the effective permeability, independently of the composition of the two subspaces. The average dwell times of the molecules are related similarly to the electric resistance in a series circuit as
B. Transport modification by filler particles
Considering arbitrary guest species, by incorporating a filler material of permeability P f = P m into the polymer host membrane, the effective permeability of the membrane, P eff , is subject to change yet alone by local mass transfer modifications due to the transport behavior of the gas in the filler material itself, regardless of the spatial composition of the mixed matrix. This potential for the change in effective permeability is described by Eq. (13) , which, as shown earlier, is accurate for polymer-filler compositions as long as autocorrelations in the molecular trajectories stay insignificant (membrane tortuosity T → 1 or P f /P m → 1). With φ denoting the total volume fraction of the filler particles, Eq. (13) with a f = φ and a m = 1 − φ is represented by the dashed blue lines in Fig. 4 . The black dots indicate the effective permeabilities obtained from the kinetic Monte Carlo simulations for MMMs with randomly placed nonoverlapping spherical filler particles. The discrepancy between the upper boundary for the maximum achievable effective permeability as given by Eq. (13) and the simulation results is attributed solely to the spatial composition of the filler material affecting the tortuosity of the molecular trajectories during their transit through the membrane. To verify the computational approach, the Maxwell model prediction [Eq. (1)] is shown in red. It nicely coincides with the data obtained from the simulations, even up to a packing fraction of 0.32, except for high filler permeabilities, where the Maxwell model becomes less accurate. In this region, the results obtained from the simulations approach the Lewis-Nielsen model [Eq. (3)], shown with the dotted green line. In general, the results reveal that for P f < P m , the effective permeability of the membrane is decreased, indicating transport inhibition (P − ). This is due to the filler particles being high-resistance obstacles for the passing gas molecules. Firstly, these obstacles slow down molecules migrating through them. Secondly, they increase the probability for long, more tortuous molecular trajectories avoiding them. However, since there is still a high probability for continuous pathways not severely affected by the obstacles, the ideal inhibiton potential of Eq. (15) with l f = φ and l m = 1 − φ (dashed orange line) cannot be reached. For nearly impermeable filler particles (P f P m ), the curve reaches a plateau. On the other hand, for P f > P m , the permeability of the mixed-matrix membrane is enhanced, indicating the P + case. The curve is nearly linear for P f P m , but becomes saturated for very large P f . In this regime, the filler particles act as fast transport pathways accelerating the guest molecules in their realm. However, the simulation results show that the potential of enhancement predicted by Eq. (13) can barely be attained, since the probability of the randomly moving molecules to find a fast continuous pathway of filler particles through the membrane remains low. For detailed description of this phenomenon and of particular details determining transport enhancement under these conditions see Refs. [28, 33] . By comparison of the top and bottom graph in Fig. 4 , it can be seen that elevated filler packing fractions amplify the inhibiting (P − ) or intensifying (P + ) effects on transport. This amplification for higher φ is based on both increased effects on local transport (dashed blue lines) and tortuosity effects, i.e., molecules have to overcome more high-resistance obstacles while P − or there is a higher probability for fast transport pathways when P + .
C. Effects of particle size
To study the effects of filler-particle size on the effective permeability of MMMs, four different polymer-filler compositions exhibiting randomly distributed spherical particles of different size, but with the same total volume fraction of the filler subspace are created (see Fig. 5 ). However, Fig. 6 shows only marginal deviations between the compositions in consideration, proving the effective permeability to be largely independent of the filler-particle size for ideal MMMs. Remarkably, from these results obtained for the low packing fraction 0.22, it can be inferred that the Maxwell model [Eq. (1)] delivers the correct prediction for randomly placed spherical particles regardless of their size. Figure 7 shows the relative effective permeability upon variation of the permeability of the filler material for mixed-matrix morphologies with randomly and regularly distributed spherical filler particles. The red squares indicate the results for the mixed-matrix geometry featured in the top right of Fig. 7 for a particle diameter of 0.133 in units of the membrane thickness. However, as found in the previous section, the red squares are representative for every particle size for at least not too large filler packing fractions, even for the extreme case, where all the filler subspace is combined into one large particle. In this case, random and regular distributions have the same morphology, i.e., the same effective permeability. By decreasing the particle size for the regular distribution (green diamonds and black dots), the MMM permeability is in principle unaffected. Also shown in Fig. 7 is the Maxwell prediction, revealing that for nonoverlapping filler particles and reasonably low packing volume fractions (here φ = 0.27) it is valid for both the random and regular distribution.
D. Random versus regular distribution
The similar results for the regular lattice arrangements of different particle sizes support the notion of the permeability as material property. The geometry with the regularly arranged particles can be divided into similar unit cells of equal morphology. Then the permeability of one unit cell should be equal to the permeability of any other unit cell and similarly, equal to the permeability of the whole membrane. This is valid as long as the correlation length of the molecular trajectories affected by the MMM morphology is small compared to the membrane size. In other words, as long as the molecular transport in the membrane is effectively homogeneous. This effective medium behavior also explains the similar results for randomly distributed particles of different sizes in the previous section ( Fig. 6 ). Here, although no unit cell exists, a sufficiently large arbitrarily chosen subsection of the membrane should have similar permeability to any other sufficiently large subsection or to the membrane as a whole. For MMMs with heterogeneous transport, the effective medium approach breaks. Such morphologies include (for many, but not all conditions) membranes with only very few randomly distributed filler particles or membranes with many filler particles and Mixed-matrix membrane geometries of randomly placed nonoverlapping filler particles of different aspect ratios: disk-shaped (left), spherical (center), and rodlike (right). The particle volume is kept constant under change of shape. The concentration gradient during the permeation simulations is applied to the vertical direction in the paper plane as indicated by the green arrow. The packing fraction is chosen to be 0.32 and the particle radius is 1/15 of the membrane diameter.
high loading, where the particles merge into random larger structures. When changes in permeability are observed with variations in filler-particle size, it may also be a strong indicator for strong surface effects between host membrane and filler particles. Then, the effective permeability of the membrane is subject to the different surface to volume ratios and the changing correlations in the molecular trajectories originating from the surface effects.
E. Effects of particle shape
To unveil the effects of the particle shape on molecular transport, membrane models with randomly placed nonoverlapping ellipsoidal particles with different aspect ratio between the directions flow and ⊥ flow , but similar volumes are studied (see Fig. 8 ). As Fig. 9(a) shows, throughout the entire filler permeability range, the rodlike-shaped particles deliver the highest effective permeability, leading to the least transport inhibition of the three shapes for P − , but the largest enhancement for P + . In contrast, the diskshaped particles always deliver the lowest P eff , exhibiting the most pronounced transport inhibition for P − , but the least significant enhancement at P + . The left side of Fig.  9(a) (2)] with different values for the geometric factor G, where the two extreme cases indicated by the dotted blue and the dotted orange line emcompass the region of possible effective permeabilities. For comparison, all three particle shapes are shown in the inset. The direction of flow is indicated by the green arrows. (b) Relative effective permeability versus filler-particle aspect ratio flux . Different relative filler permeabilities are shown as specified in the legend. As shown with the x-axis labels, the aspect ratios correspond to the geometries with disk-shaped, spherical, and rodlike filler particles.
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results with the predictions, except, as shown earlier in Fig.  4 , in the region of very high filler permeabilities, where the Maxwell model is inaccurate. The G factors related to the disk-shaped and rodlike particles where chosen by least-squares best fit. For comparison purposes, Fig. 9(a) additionally features the upper and lower boundary of the effective permeability with the dashed blue and orange lines, Eqs. (13) and (15) , respectively. The permeability of the geometry exhibiting the rods occurs to approach most the upper boundary curve, indicating the least significant influence of the transport resistance due to the spatial filler composition in the direction flow , i.e., the lowest tortuosity, while the geometry featuring the disks shows the largest compositional transport suppression, i.e., the highest tortuosity. In other words, for the P − case, the disklike filler particles are most efficient in modulating the effective permeability, while for the P + case, the rodlike particles are the best choice out of the three. Figure 9(b) shows the relationship between the filler-particle aspect ratio λ /λ ⊥ and the modification of the effective permeability of the mixed-matrix membrane in more detail. The slopes of the curves for low (P − ) and elevated (P + ) filler permeabilities indicate the influence of the shape on mass transfer. In the P + case, an increase in the particle dimensions flow leads to a rise in effective permeability. This is due to on average more continuous fast transport pathways through the membrane for this aspect ratio. Being only marginal for P f P m , this effect intensifies for very high filler permeabilities. Similarly, for the P − case the effective permeability drops with decreasing aspect ratio flow , especially for very low P f .
F. Selectivities and MMM performance
In this section, the relationship between the mixedmatrix composition on the one side and the membrane selectivity and performance on the other side is studied. In particular, the mixed-matrix compositions shown in Fig. 8 featuring randomly placed filler particles of different shape are considered. To simplify the studies, in the following, the fitting function for the relative effective permeability
is used to obtain heuristic analytical expressions for the relative effective permeabilities of the corresponding membrane geometries. Equation (17) is obtained for intermediate compositions between the two extreme cases of plates aligned flow and ⊥ flow as shown in Appendix C. Note that with the help of Eq. (17), P eff can be related to an average measure of the filler domain size flow , λ , which is also the fitting parameter adjusted to approximate the permeability data from the KMC simulations. It turns out that Eq. (17) is an alternative expression for the generalized Maxwell model [Eq.
(2)] with λ = (φ + G)/(1 + G). Utilizing Eq. (17), the relative selectivity α r between two gas species, fast ("permeate") and slow ("retentate"), can be studied readily for a given mixed-matrix composition with α r = P r,fast P r,slow .
This is presented for a wide range of fast and slow species permeabilities in the polymer and filler subspaces in Fig. 10 for the mixed-matrix geometries with randomly placed disk-shaped and rodlike particles. For specific applications, the relative selectivities can be converted to absolute values using
where P m,fast and P m,slow denote the permeabilities of fast and slow species in the pure polymer host material, respectively, obtained from experimental studies. Figure 11 shows for which fast-slow pairs the rodlike or the diskshaped particles yield the larger selectivity. In a more general sense, it elucidates when it is favorable for the selectivity to align the long sides of arbitrarily shaped filler particles flow or ⊥ flow . As shown in the Robeson plot [5, 6] , an increase in separation performance can be achieved through an improved selectivity on the one hand and through an elevated permeability of the fast gas species on the other hand. To achieve a more comprehensive measure of the performance of a MMM, both the selectivity and the relative effective permeability of the fast species may be combined into one membrane improvement factor, e.g.,
with the two characteristic properties weighted according to the specific needs of the individual application with the help of the exponents k and l. This approach is borrowed from mathematical optimization. Given a specific fastslow pair, the aim is to find the mixed-matrix materials and morphology yielding the maximum improvement factor. By using the permeabilities in the pure polymer obtained from permeation experiments, an absolute measure of membrane performance may be obtained as follows:
For simplicity, here it is chosen to give the selectivity and the permeability of the fast-species equal weight, i.e., k = l = 1. In reality, the choice of k and l is governed by efficiency aspects of the application, i.e., to which extent a higher selectivity or a higher flux is technologically and 044034-10 economically more desired. Figure 12 shows the improvement factor for a wide range of fast-and slow-species subspace permeabilities in the membrane geometries featuring randomly placed disk-shaped and rodlike particles. Finally, Fig. 13 presents the ratio of the improvement factors of MMMs with rodlike and disk-shaped filler particles, giving insight about for which fast-slow pairs the long sides of the filler particles better be aligned flow or ⊥ flow for maximum membrane improvement. The geometry of FIG. 11 . Colormap obtained by setting the selectivities of the mixed-matrix compositions featuring rodlike and disk-shaped filler particles in relation to each other (α r,rod /α r,disk ). The blue regions in the (fast, slow)-species-relative filler permeability space indicate higher selectivities for the rodlike over the diskshaped particles. In the red regions, the disk-shaped particles yield more favorable selectivities.
choice for most of the fast-slow pairs features particles with their long sides aligned flow . This result is somewhat counterintuitive as often disk-shaped filler particles are striven for, although it should be noted that the maximum aspect ratio investigated ranged only from 1/3 to 3. More generally, it is concluded that disk-shaped geometries are preferred for regions where the permeability of the fast component in the filler is of the same order as in the polymer, as observed for CO 2 /CH 4 separation [17] , while the rod-shaped filler particles are preferred for regions where the permeability of the slow component in the filler and the polymer are of the same order.
IV. DISCUSSION
In order to tailor MMMs for specific applications, a fundamental understanding of the transport processes in those composites is needed. Without the ability to attribute experimental observations to distinct structural properties of MMMs, technological progress and knowledge acquisition may only rely on empirical approaches. The present work aims in promoting the understanding of the cooperative diffusive processes in MMMs with different morphological properties. Based on gas permeabilities obtainable from permeation experiments with the pure component materials, the presented KMC approach enables prediction of the effective permeation and separation behavior of MMMs of arbitrary mixed-matrix morphologies.
The main focus in this work is put on membranes considered for potential applications in molecular separation. Thus, the effective permeabilities of model mixedmatrix morphologies featuring nonoverlapping ellipsoidal filler particles of different aspect ratios and sizes placed 044034-11 randomly or in regular lattice arrangements are extensively presented in the previous section. As a limiting case, the parallel connection of plates models bicontinuous zeolite polymer composite membranes studied in Ref. [34] . Particulate filler distributions with modifications in aspect ratio are studied, for instance, in Ref. [16] . Notably, the presented Monte Carlo approach can easily be extended to study MMMs in which the filler particles may be in contact with each other. Thus, in Ref. [32] the combined experimental and computational study of membranes obtained by pressing the filler particles and filling the remaining space between them with polymer is presented.
In the present work, high compatibility between the polymer matrix and the filler particles is assumed. In other words, the MMMs studied are of ideal morphology as presented in Ref. [24] , i.e., possess neither interfacial transport resistances due to pore blockages or rigidified polymer layers nor interfacial voids. Although such nonidealities can easily be incorporated into the present model, in this work we aim at understanding the transport behavior for compatible MMMs first. This knowledge about the ideal MMM permeation enables identification of the effects of incompatibility in real membranes. By comparing the results obtained with the presented KMC approach with permeation measurements of real MMM of similar composition, the compatibility and the type and extent of defects in the sample may be inferred.
Existing transport barriers at the interfaces due to polymeric rigidification or filler pore blockages are expected to lead to a measured effective permeability lower than the ideal MMM permeability. Depending on the mixedmatrix morphology and the permeabilities in the two components these interfacial transport limitations may be marginal to predominant. Surface barriers are especially detrimental in the transport enhancement case, P + , where they counter the desired effect of amplifying permeation by the filler particles. A related interesting result of our studies is that for relatively low packing fractions the effective permeability of ideal MMMs is independent of the filler-particle size. This is also predicted by the Maxwell model. Permeation measurements, however, quite commonly exhibit correlations between permeability and particle size at constant volume fraction. This is strong evidence for interfacial defects in the MMMs, since fillerparticle size correlates with interface area. In particular, in the case of strong transport limitations at the interfaces, the effective permeability of the MMM declines with shrinking particle size.
On the other hand, measured permeabilities higher than the ideal MMM permeability are a strong indicator for interfacial voids. Similar to the surface barriers' case, the significance of those effects depend on the mixed-matrix morphology and the polymer and filler permeabilities. Void spaces especially impair applications, where transport inhibition by the filler particles is desired (P − ), since they provide the gas molecules with extremely fast pathways around the obstacles. Returning to the particle-size example, with interfacial voids the permeability of the MMM is expected to increase with declining particle size.
V. CONCLUSIONS
As the main finding, correlations between the phase composition and the mass transport in ideal MMMs are established. For this purpose, three-dimensional models of various compositions of polymer and filler subspaces commonly found in real MMMs are created. A kinetic Monte Carlo approach on a discrete lattice gas is employed to emulate the permeation of gas molecules through these mixed-matrix models. By evaluating the effective permeability, the effects of the morphology of the two phases on mass transport is studied in a broad filler permeability range including both transport-inhibition and transportenhancement scenarios. The limiting cases of planar filler subspaces parallel and perpendicular to the concentration gradient demonstrated the feasibility of the KMC approach. For the considered particulate compositions featuring different filler-particle packing fractions, particle sizes, random versus regular placement, and various particle shapes (aspect ratios), the simulation results for the effective mixed-matrix membrane permeability are in good agreement with theoretical predictions from the literature, such as the Maxwell and Lewis-Nielsen model.
In the range of filler-particle sizes and packing fractions of randomly placed spherical particles studied, the particle size is found to have no significant impact on the permeation behavior. Additionally, changing from the random placement to a regular lattice filler-particle arrangement only slightly modulated the effective membrane permeability and only for high filler permeabilities, showing only small influence of percolation effects for morphologies with nonoverlapping spherical filler particles. These findings supported the analytical models, proving them to be valid for filler particles of different sizes up to packing volume fractions of at least 0.3. However, a significant influence on mass transport is found upon variation of the filler-particle aspect ratio. Membrane geometries featuring filler particles aligned with their largest principal axis perpendicular to the membrane plane always resulted in higher permeabilities than their counterparts with spherical particles or particles aligned parallel to the membrane plane. The latter configuration is instead more effective in suppressing permeation. Finally, the effect of the particle aspect ratio on the membrane selectivity and performance is evaluated. For the separation of two arbitrarily chosen gas species, predictions are made of which orientation of the filler particles is more favorable for the performance of the MMM.
Generally, the approach presented is able to predict effective permeabilities and selectivities of gases in arbitrary ideal mixed-matrix compositions. This gives deeper insight into the transport behavior in two-phase mixedmatrix membranes and may aid as a guide for choosing effective polymer-filler compositions for applications in gas separation. By comparison of data from permeation measurements, information about the compatibility and the effects of nonidealities arising from the fabrication of the mixed-matrix membrane can be obtained. Additionally, to promote the theoretical understanding of the influence of these nonidealities on mass transport, nonideal mixed-matrix morphologies can readily be modeled with the approach. This may be addressed in future work. Fig. 16(b) . The filler packing fraction φ is taken from the three-dimensional model geometries. MMM, S eff ∝ c eff , and the microscopic diffusion coefficient D eff = r 2 /(6t) are evaluated via the mean-square displacement r 2 of the gas molecules. From here, the relative effective permeability of the MMM can be obtained with Eq. (7) by comparing with the results obtained for the pure polymer-host membrane. The comparison shows that the results of the kinetic Monte Carlo approach resemble the Maxwell model except in the region of large relative filler permeabilities P f /P m , where the model is known to be inaccurate. However, in this region, the computational results approach the Lewis-Nielsen model. The permeabilities provided by Ref. [30] can not be explained reasonably, since one would expect different approaches to solve the same equations to yield similar results.
APPENDIX B: REDUCTION OF DIFFUSIVITY AND SOLUBILITY INTO ONE PERMEABILITY PARAMETER
As a proof of principle for the combination of the diffusivity D k and the concentration c k of subspace k ∈ {m, f } (membrane, filler) into one permeability parameter 
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TRANSPORT PROPERTIES OF MIXED-MATRIX MEMBRANES... PHYS. REV. APPLIED 12, 044034 (2019) P k ∝ D k c k , simulations are carried out, considering variation of D k and c k while keeping P k and all other conditions constant. These simulations are employed for two mixedmatrix compositions and different relative filler permeabilities ( Fig. 15 ). It can be seen that the largest discrepancy between the results of two different {δ f , δ m } combinations, where δ = D/c, is only approximately 5%, in most of the cases even below 1%. This validates the simplification that the permeability can be used as the only necessary material property for a reasonably accurate description of relative gas transport in each subspace.
APPENDIX C: SIMPLE MODEL CONSIDERING THE FILLER-PARTICLE SHAPE
To predict the effective permeability of membranes with mixed-matrix compositions between the two extreme cases presented in Sec. III A, some simple considerations can be made. Using the simplified structure of a single cuboid filler particle and the symbols presented in Fig. 16(a) , Eq. (13) can be rewritten to
where P can be obtained from Eq. (15):
Inserting Eq. (C2) into Eq. (C1) and taking into account that φ = λ λ 2 ⊥ yields
FIG. 16 . Model considering the filler-particle size flow . (a) Simplified geometry of a mixed-matrix composition with a cuboid filler particle in blue. The direction flow is indicated with the green arrow. The mathematical symbols describe the dimensions of the membrane and the filler particle. (b) Duplicate of Fig. 9(a) showing the effective permeability of mixed-matrix membranes featuring different filler-particle shapes, but with additional fitting curves obtained with Eq. (C3). The corresponding fitting parameters are shown in Table I 
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By interpreting λ more generally as an average measure related to the relative length of continuous filler-particle domains flow , the above equation can be used to heuristically describe the permeability of more complicated mixed-matrix compositions. This is shown in Fig. 16(b) , where Eq. (C3) is used to fit the permeability data obtained from the KMC simulations for the three different shapes of Fig. 8 . The fitting parameters are listed in Table I . Since the filler packing fraction φ is known from the mixed-matrix geometries, λ is the only parameter to be adjusted. It can be seen that the computational results can be approximated quite well with the help of Eq. (C3). This enables the dependency of the effective permeability of the MMM on the filler-particle-size measure λ to be looked at in more detail, which is done for φ = 0.32 in Figs. 16(c) and 16(d) .
